
T E M P E R A T U R E  F I E L D  OF AN I N F I N I T E  P L A T E  W I T H  

V A R I A B L E  T H E R M O P H Y S I C A L  C H A R A C T E R I S T I C S  

S.  I .  D e v o e h k i n a  a n d  L .  A .  B r o v k i n  UDC 536.21 

Nomograms are proposed to compute the temperature fields of simplest kind with a linear 
change in the thermophysical coefficients for boundary conditions of the third kind, which 
refine engineering computations of body heating. 

Let  us approximate  the t e m p e r a t u r e  dependence of the specif ic  heat  C, J / m  3 .deg  and of the coefficient  
of heat  conduction 2~, W / m .  deg by the l inear  express ions  

= ko (1 + mO); C = C o (1 + nO), (1) 

where  # = ( t - t 0 ) / ( t  c - to); t e is the t e m p e r a t u r e  of the medium; t o is the initial body t e m p e r a t u r e .  The 
t e m p e r a t u r e  field of a plate $(X, Fo) is descr ibed  by the equation 

ao a ao 
(1 + n~) - (1 + m0) - -  (2) 

OFo OX OX 

TABLE 1 

Bi 

0,2 

t,0 

Fo 

0,02 
0,04 
0,06 
0,1 
0,005 
0,01 
0 , ~  
0,1 

,~(1, Fo) 

51,16 
63,60 
72,98 
87,56 
95,09 

123,57 
229,63 
296,42 

8S~ �9 % 

1,600 
--0,267 
--0,223 
--0,183 
--1,331 
--0,595 
--0,178 
--0,142 

Oa(l,Fo) 

50,48 
63,07 
72,51 
87,16 
90,13 

120,00 
228,00 
295,28 

3 

fiS,, % 0a(1,Fo) 

2,910 51,99 
0,567 63,43 
0,425 72,81 
0,275 87,40 
3,954 93,84 
2,314 122,84 
0,532 229,22 
0,244 296,00 

TABLE 2 
0=1--0 5 =0,1 

6 s ,  a s , 5c  ' % % 

~--1 7,3--2,64 1,3 1,34 10,95--1,57 1,17 0,46 14,~ 6,2 0.77 0,33 

~=--0,7--30 28,8 2,51 3,03--17,3 25,9 3,06 1,96 --18,2 17,5 2,36 1,2 ~=--0,7 

0=1~$~0.05 
Bi=t 

B i = 5  B i = l  B i = 0 , 5  

% % as,% %,* % as,% ac,% a s,% a c,% as,% ac. a s,;4 

6~, ac ' as' ac. % as' % as. % ac' %' ac' %' % %' '% % 

m=n=12 7,7 --20 1,99 0,77 10,1'11,0 2,68 

m = 0 7  25 04657 n=--0,7 ]-- 38,4 1280  38,8j 4,1 

09 12693 -9610 1 
1,56 --27,7 27,8 1,8 0,55 
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Fig.  1. T i m e  to hea t  the s u r f a c e  of an infinite p la te  (0 = 1 - ' s s  ) 
fo r  t (x ,  0) = t o in a m e d i u m  with t e = cons t  if the t h e r m o p h y s i c a l  
coef f ic ien t s  of the body a r e  g iven by the equat ions  X = X 0 ('1 + m'5) 
and e = c0(1 + n,5), w h e r e  '5 = ( t -  t0)/(t c - t o ) .  

with the boundary  and initial condi t ions  

(1 + mr) Off - ~ - - ( 1 ,  F o ) = B i [ 1 - - f ( 1 ,  Fo)], 

Of 
- - ( 0 ,  Fo) = 0; f (x, 0) = 0, 

OX 

w h e r e  

(3) 

F o -  9~~ " X =  x ;  Bi =--aR  . (4) 
CoR ~ ' R ~'o 

The solut ion has  been  obta ined on a " U r a l - 2 "  e l ec t ron ic  c o m p u t e r  by f ini te  d i f fe rences  [1]. Checking  
computa t ions  of the hea t ing  of a p la te  with cons tan t  coef f ic ien ts  w e r e  p e r f o r m e d  to e s t i m a t e  the e r r o r  in the 
so lu t ion  fo r  a d i s c r e t e  r e p r e s e n t a t i o n  of the t e m p e r a t u r e  f ield.  P r e s e n t e d  in Table  1 is the t e m p e r a t u r e  '5 (1, 
Fo) of the p lane  be ing  hea ted  as  found by our  solut ion (column 1), by the solut ion in [2] (column 2), and by 
the exact  solut ion [3] (column 3), and the c o r r e s p o n d i n g  r e l a t i v e  e r r o r s  a r e  given in p e r c e n t s .  

We have worked  out the computed  t e m p e r a t u r e  field of a pla te  with va r i ab l e  coef f ic ien ts  in the f o r m  of 
n o m o g r a m s  Fo = f (0  : 1 - ,5 ,  Bi,  m,  n, x = const) ,  which a r e  awkward  and inconvenient  fo r  eng inee r ing  c o m -  
puta t ions  in the gene ra l  e a s e .  Simpl i f ied n o m o g r a m s  (Figs.  1 and 2) a r e  p roposed  fo r  eng ineer ing  c o m p u t a -  
t ions.  The cen t r a l  f ield of the n o m o g r a m s  dupl ica tes  the known D. V. Budr in  n o m o g r a m  

O = l - -  ~ = f ( F~ ~'~ Bi = aR ) = �9 ; m = 0 ;  n = 0 ;  x = c o n s t  
Co R~' ~o 

C o r r e c t i o n s  fo r  the va r i ab i l i t y  of the t h e r m o p h y s i c a l  coef f ic ien t s  of the body r e d u c e  to the c e n t r a l  sec t ion  
on the f ie lds .  

The ho r i zon ta l  l ines  '5 = cons t  of the D. V. Burd in  n o m o g r a m  b r a n c h  out in the f ields into f ami l i e s  of 
cu rves  in va lues  of the Blot  c r i t e r i o n ,  and the v e r t i c a l  l ines Fo = eonst  in f ami l i e s  of va lues  of the c r i t e r i o n  
0. 
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F i g . 2 .  T i m e  to hea t  the m i d d l e  s u r f a c e  of a p l a t e  (0 = 1 

- , ~ ) .  Condi t ions  and t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  the 
s a m e  as in F ig .  1. 

If m = m 1 and n = 0 a r e  g iven  in (1), then fo r  the v a l u e s  01 and Bi 1 of i n t e r e s t  to us  the d e t e r m i n a t i o n  

of Fo t  s t a r t s  wi th  e s t a b l i s h i n g  the i n t e r s e c t i o n  of the v e r t i c a l  m t = cons t  wi th  the h o r i z o n t a l  01 = cons t .  We 

e m e r g e  f r o m  the i n t e r s e c t i o n  to the boundary  of the c e n t r a l  f i e ld  of the n o m o g r a m  a long  the l ine  Bi -- Bi  t 

at  s o m e  p r o v i s i o n a l  va lue  0 . .  Upon i n t e r s e c t i n g  the c u r v e  Bi  = Bi 1 on the D. V. B u d r i n  n o m o g r a m  the h o r i -  

zonta l  0, - cons t  d e t e r m i n e s  the va lue  Fo 1 d i r e c t l y  on this n o m o g r a m .  

If m = 0 and n = n I a r e  g iven  in (1), then the a u x i l i a r y  v a l u e  F o ,  c o r r e s p o n d i n g  to the c a s e  m = 0, n 

= 0 is f i r s t  found on the D. V. Budr in  n o m o g r a m .  The  c o r r e c t i o n  f o r  m ~ 0 is a ch i eved  by f inding the i n t e r -  

s ec t i on  of the c u r v e  (Fo = F o . ,  0 = 0t) wi th  the l ine  n = n 1. 

If m = m 1 and n = n 1 a r e  g iven ,  then an a u x i l i a r y  va lue  Fo 1 c o r r e s p o n d i n g  to the c a s e  n = 0 is d e t e r -  

m ined  f i r s t ,  and the c o r r e c t i o n  fo r  n ~ 0 which  y i e l d s  the f inal  d e s i r e d  va lue  of Fo is  found f r o m  the c o n d i -  

t ion F o ,  = Fo i. 

As  an i l l u s t r a t i o n  of the u s e  of the n o m o g r a m s ,  l e t  us  d e t e r m i n e  the t i m e  to hea t  a 1Khl8N9V s t e e l  

p la te  of nomina l  t h i ckness  R = 0.025 m in a m e d i u m  with  t c = 1200~ = cons t  and c~ = 310 k J / m  �9 ~ f r o m  the 

in i t i a l  t e m p e r a t u r e  t o = 0~ to t(R, ~'k) = 800~ 

The t h e r m o p h y s i c a l  p r o p e r t i e s  of 1KhlSN9V s t e e l  a r e  a p p r o x i m a t e d  l i n e a r l y  in the 0-800~ t e m p e r a -  

t u re  r a n g e :  l (0)  = 15.1 (1 + 1.870) W / m .  ~ C(0) = 0.537 (1_ + 0.54~) k J / k g .  ~ 

F o r  the compu ta t ion  by the n o m o g r a m s  we have  Bi = c~R/k 0 = 0.513; m = 1.87; n = 0.54; 00 = 1 - 0 s = 0. 

We find Fo i = 1.8 (Fig.  1) f o r  Bi  = 0.513; 0 = 1 - O s  = 0.4 and m = 1.87. The  c o r r e c t i o n  f o r  the v a l u e  

n -- 0.54 y i e l d s  the f inal  a n s w e r  Fo = 2.13 o r  ~" = (2 .13 .0 .0252/3 .61  �9 10 -6) 3600 = 0.106 h. 

F o r  a v e r a g e  t h e r m o p h y s i c a l  coe f f i c i en t s  (a = 4.72 �9 10 -6 m / s e e ,  ~- = 20.9 W / m -  deg) we have  ~" = 0.0864 

h by the D. V. B u d r i n  n o m o g r a m s .  

P r e s e n t e d  in Tab l e  2 a r e  the e r r o r  6,% of the t e m p e r a t u r e  computa t ion  of the c e n t e r  of  the body,  and 
the t i m e  of its hea t ing  fo r  a g iven  t e m p e r a t u r e  of a s u r f a c e  with  v a r i a b l e  c o e f f i c i e n t s  a c c o r d i n g  to the D . V .  
Budr in  n o m o g r a m s  fo r  a v e r a g e  and cons tan t  coe f f i c i en t s  and by the s i m p l i f i e d  n o m o g r a m s  (F igs .  1 and 2). 

As can be  s e e n  f r o m  Tab le  2, the e r r o r  in us ing  the s i m p l i f i e d  w ork ing  n o m o g r a m s  6*, % is an o r d e r  

of magn i tude  l e s s  than the e r r o r  6, % of a s t anda rd  e n g i n e e r i n g  ana ly s i s  fo r  cons t an t  a v e r a g e  c o e f f i c i e n t s .  
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